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Discrete Optimization

Traveling Salesman Problem
Minimum Spanning Tree Problem



Traveling Salesman Problem

4

£,
i s
‘.:n‘
£

. = ¥
o £
; vl
81 I
»
"~

o

13,509 cities, D. Applegate, R. Bixby, V. Chvatal, and
W. Cook (1998)
http://www.tsp.gatech.edu/history/pictorial/usal3509.html
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Local Improvements in TSP

2-opt
Or-opt

SN




Local Search (Descent Method)

\/\/ -
SO: Initial sol =*

S1: Minimize f(x) in \[nbhd  of =z* to obtain z°

S2: If f(z*) < f(=®), return =* (local opt)
S3: Update z* :=z®;, go to S1

What is neighborhood?
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Neighborhood in TSP

2-opt
Or-opt

SN




Descent Method and Convexity

\

local min
global min

convex NoNConNvexX
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Min Spanning Tree Problem

edge length d: F - R
total length of T

d(T) =) d(e)

ecT




Min Spanning Tree Problem

e edge length d: F - R
total length of T

d(T) =) d(e)

ecT

Thm

T: MST <« d(T)<d(T—-e+¢") (local min)
< d(e) <d(e/) ifT—e+é€ is tree

Algorithms Kruskal, Kalaba;
Prim, Dijkstra, Boruvka, Jarnik, --..



Kruskal’s Greedy Algorithm for MST

Kruskal (1959)

S0: Order edges by length: d(eq) < d(e3) < ---

S1: T=0; 1=1

S2: Pick edge e¢;

S3: If T+ e; contains a cycle, discard e;

S4: Update T'=T +e¢€;; 1t =1+ 1; go to S2
e
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Kalaba’s Algorithm for MST

Kalaba (1960), Dijkstra (1960)
SO: T = any spannning tree
S1: Order ¢ ¢ T by length: d(e) < d(e}) < ---
k=1
S2: e, = longest edge s.t. T — e + ¢, is tree
S3: T=T—ex+e,; k=k+1; go to S2
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Descent Method and Convexity

\

local min
global min

convex NoNConNvexX

Voo



Min.Span. Tree vs Traveling Salesman

Min.Span. Tree Travel.Salesman
Empirical Fact easy difficult
Complexity Theory | poly-time NP-hard (?)
Convexity View “‘convex’’ non- “convex”

e Kruskal/Kalaba for MST
— Steepest descent for M-convex minimization
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Shortest Path vs Traveling Salesman

Shortest Path Travel.Salesman
Empirical Fact easy difficult
Complexity Theory | poly-time NP-hard (?)
Convexity View “‘convex’’ non- “convex”

e Dijkstra for shortest path
— Steepest descent for L-convex minimization
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C2.
C3.
C4.

Univariate Discrete Convex Functions
Classes of Discrete Convex Functions
L-convex Functions
M-convex Functions

Part II: Properties, Part III: Algorithms
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Convex Function

vf(w) wf(w)

convex nonconvex
f:R™ 5 R is convex «——
AMf@)+ A =Nfy)>FfQz+1-Ny) (0<V A1)

f(x)




Cl.

Univariate
Discrete Convex Functions

(Ingredients of convex analysis)
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Definition of “Convex”

Function

f:7Z—-R

R=RU{+o0}

fz —1) + f(z+1) > 2f()

<~ f(x)+fly) > f(z+1)+ f(y—1)

<~ f IS convex-extensible, I.e.,
3 convex f:R 5 R s.t. f(z) = f(z) (Ve € Z)

(r < y)

i\

inara

convex

)Y f

A

non-convex
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Local vs Global Optimality

f:7Z—-R

T heorem:

z*: global opt (min)

~— z*: local opt (min)
f(@®) < min{f(z* — 1), f(z*+1)}

K

Nt

convex

)\ /

A

non-convex

19



Legendre Transformation (Intuition)

Y\ f(z) ¥\ f(z)
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Legendre Transformation (Intuition)

Y @) d
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Legendre Transformation (Intuition)
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Legendre Transformation
f:7Z — 7Z (integer-valued)

Define discrete Legendre transform of f by
f*(p) =sup{pz — f(z) |z € Z} (p€Z)

"
\&
REA
T heorem:

(1) f® is Z-valued convex function, f®:7Z — Z
(2) (f*)*=rf (biconjugacy)
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Separation Theorem

f:7Z—>R f(=) f(=)
convex y

h:7—R p/\
concave h(z) h(a)

Theorem (Discrete Separation Theorem)
(1) f(x) > h(x) (VreZ) = Jda*eR, dp*eR:
f(z) > o +p*z > h(z) (Vx € 2)

(2) f, h: integer-valued = a* € 7Z, p*€Z
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Separation Theorem

f:Z—=R /() \ vt
convex
h:7 —R
concave \
/ \h(w)

Theorem (Discrete Separation Theorem)
(1) f(x) > h(x) (VreZ) = Jda*eR, dp*eR:
f(z) > o +p*z > h(z) (Vx € 2)

(2) f, h: integer-valued = a* € 7Z, p*€Z
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Fenchel Duality (Min-Max)

f:7 — 7: convex,

Legendre transforms:

h : Z — /Z: concave

f®(p) = sup{px — f(z) | z € Z}
h°(p) = inf{px — h(x) | x € Z}

T heorem:

inf {f(z) — h(x)} = sup{h°(p) — f®(p)}

TrE/

PEL
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Five Properties of “Convex’” Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

ahWN

Fenchel duality

hold for univariate
discrete convex functions
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C2.

Classes of
Discrete Convex Functions
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Classes of Discrete Convex Functions

1. Submodular set fn (on {0,1}")
1. Separable-convex fn on zZ"
1. Integrally-convex fn on Z"

2. L-convex (Lfi-convex) fn on Z"
2. M-convex (Mf-convex) fn on Z"

3. M-convex fn on jump systems
3. L-convex fn on graphs
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Submodular Function R =R U {+o0}
Set function p:2Y — R is submodular

<~ XUY
p(X)+p(Y) 2 p(XUY)+p(XNY)

cf. | X|+|Y|=|XUY|+|XNY]

Set function «— Function on {0,1}"
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Submodularity & Convexity in 1980’s
p(X)+p(Y) 2 p(XUY)+p(XNY)

e Min/max algorithms
(Grotschel—-Lovasz—Schrijver/ Jensen—Korte, Lovasz)

min = polynomial, max = exponential
e Convex extension (Lovasz)
set fn iIs submod < Lovasz ext iIs convex
e Duality theorems (Edmonds, Frank, Fujishige)
discrete separation, Fenchel min-max

Submodular set functions
— Convexity + Discreteness
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Five Properties of “Convex’” Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

ahWN

Fenchel duality

hold for Submodular set functions
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Separable-convex Function

f:7" — R is separable-convex

<

f(x) = p1(x1) + p2(x2) + -+ + ¥n(zn)
;. univariate convex

N
N




Five Properties of “Convex’” Functions

1. convex extension

. local opt = global opt

. conjugacy (Legendre transform)
. separation theorem

ahWN

Fenchel duality

hold for Separable
discrete convex functions
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Some History

1935
1965
1969
1982

1990

1996
2000

2006
2012

Matroid Whitney, Nakasawa
Submodular function Edmonds
Convex network flow (electr.circuit) Iri

Submodularity and convexity
Frank, Fujishige, Lovasz

Valuated matroid Dress—Wenzel
Integrally convex fn Favati—Tardella

Discrete convex analysis Murota

Submodular minimization algorithm
Iwata—Fleischer—Fujishige, Schrijver

M-convex fn on jump system Murota
L-convex fn on graph Hirai, Kolmogorov
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Motivations/Applications/Connections

1. submodular problems
graph cut, convex game
1. separable-conv problems

min-cost flow, resource allocation

1. integrally-conv

economics, game

2. L-conv (Z™")

network tension, image processing
OR (inventory, scheduling)

2. M-conv (Z")

network flow, matching
economics (game, auction)
mixed polynomial matrix

3. M-conv (Jump)

deg sequence, (2-)matching
polynomial (half-plane property)

3. L-conv (graph)

multiflow, multifacility location
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Integrally Convex Set c7Z»

°

YES

®

NO

=

NO
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Integrally Convex Set

o B

YES NO

338



Integrally Convex Set

VR
ﬂ\

.
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Integrally Convex Set

o B

YES NO

>
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Integrally Convex Set

o B

YES NO

>
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Integrally Convex Function
(Favati-Tardella 1990)
N(z) ={y €Z" | |z — ylloo <1} (z €R")

kg

Local convex extension:

f(z) = ?lap{(p,w) +o|{p,y)+a< f(y) (Vy € N(z))}

Def: f is integrally convex <— f is convex

Ex: f(x1,x2) = |1 — 2x2| iIs NOT integrally convex

f|:1 L ~
f=0  flz)—
sz L
F=0 F=1 f(il?):O
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Five Properties of “Convex’” Functions

1. convex extension
2. local opt = global opt

hold, but

3. conjugacy (Legendre transform)
4. separation theorem
5. Fenchel duality

fail for Integrally convex functions
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Discrete Convex Functions

1. submodular

(set fn) v
1. separable
-conv v
1. integrally
-conv v

2. L-conv(Z")

2. M-conv(zZ™)

3. M-conv(jump)

3. L-conv(graph)




Classes of Discrete Convex Functions

f:Z" - R
/ convex-extensible N
” integrally convex N
( Mu—convex\
e teparable )
t convex Y,
h_
i L“"-convex D
/
N J

Mh M Lh — separable
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C3.

L-convex Functions

46



L-convex Function

M ta 98
g: 72" - RU {400} q p(\/;ma ‘

pV g compnt-max ~

pAq compnt-min

e P

PNgq
Def: g IS L-convex «——
e Submodular: g(p) +g(q) > g(pVq) +g(p A q)
e Translation: 3Ir, Vp: g(p+1) =g(p)+r
1 = (1,1,...,1)“

a7



Li-convexity from Submodularity
(Murota 98, Fujishige—Murota 2000)

g:7Z" 5 R LA-convex «—

g(po,pr) = g(p — pgl) 1S submodular In (pq,p)

g:zn+t1 4R, 1=(1,1,...,1) o
L d-e oPVa
g(p)+g(g)>g(PVag) +g({PAQq)
e oD
PAG
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Li-convexity from Mid-pt-convexity

(Favati-Tardella 1990, Fujishige—Murota 2000)

qa\$
— \\p

q#p' ‘

Mid-point convex (g: R" — R):
9(p) +9(a) > 29 (P59)

— |Discrete mid-point convex (g:7Z™ — R)

9(p) +9(a) > g (|252|) +9(|247))

LI-convex function
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Mid-pt Convexity for 01-Vectors

pt+q] _
q |V——‘ =pVgq
For p,q € {0,1}"™ 2

p

Lp—qu =pAg

Discrete mid-pt convexity:

g(p) +9(q) > g derqD T (VthJ)

<— Submodularity:
g(p) +9(q) 2g(pVaq) +g(pANq)
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Translation Submodularity (L¥%)
g(p) +9(q) 2 g((p—al)Vg)+g(pAN(g+ al))

(@20
D |
g+ ol /
® e
o = 2
* p—1ul //
d  transl submod q mid-pt convex

/~ - -
g(po,p) = g(p — pol) is submodular in (pg, p)

) (Fujishige-Murota 00)
< translation submodular

) ] (Fujishige-Murota 00)
< discrete mid-pt convex

(Favati-Tardella 90)

\(:) submod. integ. convex
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Rem: Li-convex vs Submodular

L

Fact 1: Every g: Z — R is submodular

Fact 2: g:7Z — R is Li-convex

— gp—1)+g(p

1) > 2g(p) for all p € Z
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Typical Lf-convex Function: Energy Function

;1 given
Vi (p;) = aylp; — ;) o, a;; >0

/

Vii(pi — Pj) = ojlp; — pjl?

g(p) = Z Yi(pi) + Y ¥ij(pi —pj) is Li-convex
]

Y;, ;i any univariate convex functions
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Li-convex Function: Examples

Quadratic: g(p) = Z Za,,;jpipj is LI-convex

& a;; <0 (i#34), D az; >0 (Vi)

Energy function: For univariate convex v; and ;;

g(p) = Z Vi(p;) + Z wzg (p; — pj)
17J
Range: g(p) = max{p1,p2,...,Pn} — min{pi,p2,...,pn}

Submodular set function: p:2Y -5 R

& p(X) =g(xx) for some Li-convex g
Multimodular: h:Z"™ — R is multimodular <

h(p) = g(p1,p1 + P2,--.,P1 + -+ + pn) for Li-convex g
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Five Properties of “Convex’” Functions

1.
. local opt = global opt

ahWN

convex extension

. conjugacy (Legendre transform)
. Separation theorem

Fenchel duality

hold for L-convex functions

= Part 11
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L-convex Function on Graphs

'/’/'p’(Hirai 12)

integer lattice

direct product of trees:

(Kolmogorov 11)
(Huber-Kolmogorov 12)



Mid-point Convexity on Tree Products

(Hirai 13,15)
Lot 4

-
r ifH‘ﬂ%ﬂq

L-convex

mid-point convex

a?+yj Y
@) + @) > £ ([ 552]) + 7 (|25

e submodular on (rooted) trees (Kolmogorov 11)
e k-submodular (Huber-Kolmogorov 12)
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C4.

M-convex Functions
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Mt-convexity from Equi-dist-convexity

(Murota 1996, Murota —Shioura 1999)

Yy :13’ —
1T . N
yy 2z A

Equi-distance convex (f : R"™ — R):
fl@)+ f(y) 2 flz—a(z—y)) + fly + alz —y))

—> |Exchange (f :Z"™ — R)| Vx,y, Vi:xz; > y;
f(x) + f(y) > min | ,

min {f(x —e; +e;) + f(y +e; — ej)}}

;<Y

Mh—convex function
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M-convex Function

f: 7" - RU {400} y% (Murota 96)
e;: i-th unit vector o
®
Def: fi1s M-convex 2

<~ Va,y, Vi:iz; >y, Elj:wj<yj:

flx)+fly) 2 f(z—e;+e;) + fy+e; —ej)

dom f C const-sum hyperplane

Mn—l—l = ME?, 2 Mp
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Mi-convex Function: Examples

Quadratic: f(z) =Y a;;z;z; is Mi-convex

& a;j >0, a;; > min(a;g,aj,) (Ve € {1,5})
Min value: f(X) = min{a; |2 € X} [unit preference]
Cardinality convex: f(X) = ¢(|X]) (¢: convex)
Separable convex: f(z) =) ¢;(z;) (p;: convex)

Laminar convex: f(x) = ZgoA(m(A)) (pa: convex)

A
{A,B,....}: laminar & ANB=0 o ACBo ADB
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Mi-concave Functions from Matroids

Matroid rank: f(X) = r(X) (rank of X) (Fujishige 05)

Matroid rank sum: f(X) = » a;r;i(X)
r; < 7r;+1 (strong quotient), o; > 0 (Shioura 12)

Weighted matroid: w: weight vector
f(X) =max{w(Y) | Y: indep C X} (Shioura 12)

Valuated matroid: w:2Y - R
< w(X) = f(xx) for some M-concave f
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Matching / Assignment

U Vv X ={ug,uz2} X ={uy,uz}
ul V1 uq » U1 uq V1
uo V92 U e V92 U9
us U3 U3
s g My M

Max weight for X C U (w: given weight)

f(X) =max{ » w(e) | M: matching, UNoM = X}
ecM

Max-weight func f is Mfi-concave (Murota1996)

e Proof by augmenting path
e Extension to min-cost network flow
63




Polynomial Matrix Dress-Wenzel 90)

aluated Matroid
s+1/s/1]0

A= J) = degdet A|J
FUEY w(J) = degdet ALJ]

B={J|JIs a base of column vectors}

Grassmann-Plucker = Exchange (M-concave)
For any J,J € B, i € J\ J/, there exists j € J' '\ J
st. J—i4+5€eB,J +i—73€B,

w(J) +w(J) <w(J —i+7) +w(J +i-—3)

Ex. J={1,2}, J ={3,4}, i=1

det A[{1,2}] =det A[{3,4}] =1, w(J)=w(J)=0

Cantake 7 =3: J—1i+73={3,2}, J' +i—j5={1,4}
wJ—1+73)=1, w(J' +i1—73) =1
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Five Properties of “Convex’” Functions

1.
. local opt = global opt

ahWN

convex extension

. conjugacy (Legendre transform)
. Separation theorem

Fenchel duality

hold for M-convex functions

= Part 11
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Five Properties (Summary/Preview)

convex | local opt/ | Legendre | separat. | Fenchel
ext. global opt || biconjug. | theorem | duality
submod. Y Y Y Y Y
(set fn)
separable Y Y Y Y Y
-convex
integrally Y Y N N N
-convex
L-convex Y Y Y Y Y
(Z™)
M-convex Y Y Y Y Y

(Z")

66




Books (discrete convex analysis)

2000: Murota, Matrices and Matroids for Systems
Analysis, Springer

2003: Murota, Discrete Convex Analysis, SIAM

2005: Fujishige, Submodular Functions and
Optimization, 2nd ed., Elsevier

2014: Simchi-Levi, Chen, Bramel,
The Logic of Logistics, 3rd ed., Springer

: Submodul
Kazuo Murota DISCRETE CONVEX ANAIYSIS ., s Fll:ntl:‘:.i?mus al El_a;icdhzir:ncm-mi
DNSCRETE al'ld Julien Bramel
A v=arson 2) MATHEMATICS ﬂptimizatinn
Matrices and A 58 Second Ediion The Logic
Matroids for e % of Logistics
Kazuo MuroTA
@ Springer HEN remrresamers s ey P s {.}; Springer

67



Books (in Japanese)

2001: Murota, JO04dog, dogn
(Discrete Convex Analysis)

2007: Murota, D00 odooooog, odod
(Primer of Discrete Convex Analysis)

2009: Tamura, D000 O0O0OO0OOO0OO, OOOO
(Discrete Convex Analysis and Game Theory)

2013: Murota,Shioura, 0 000000 0ooooodg, 0O
(Discrete Convex Analysis and Optimization Algorithms)

2015: Anai, Saito, 0o oooooo, ood
(A Guidebook of Combinatorial Optimization)
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Survey/Slide/Video/Software

[Survey]

Murota: Recent developments in discrete convex
analysis (Research Trends in Combinatorial
Optimization, Bonn 2008, Springer, 2009, 219—-260)

[Slide]
http://www.comp.tmu.ac.jp/kzmurota/publist. htmIZADCA
[VideO]

https://smartech.gatech.edu/xmlui/handle/1853/43257/
https://smartech.gatech.edu/xmlui/handle/1853/43258/

[Software] DCP (Discrete Convex Paradigm)
http://www.misojiro.t.u-tokyo.ac.jp/DCP/
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